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Abstract
Large parallel computer systems bounding experience faults are inevitable due to their
scale sizes, which poses serious reliability challenges for interconnection networks.
Two new indicators were recently introduced to assess the stability of these networks
more accurately, including structure connectivity and substructure connectivity. These
parameters are crucial in measuring fault tolerance during chip failures. Let H be a
certain graph pattern, andF be a set of subgraphs in a graphG. Then,F is called an H -
structure cut (resp. H -substructure cut) of G if every element ofF is isomorphic to H
(resp. isomorphic to a connected subgraph of H ) whenG−F is disconnected. The H -
structure connectivity κ(G; H) (resp. H -substructure connectivity κs(G; H)) is the
minimum cardinality over all H -structure cuts (resp. H -substructure cuts). Recently,
Ba, in her Ph.D. dissertation, posted the result of K1,r -(sub)structure connectivity of
FCQn for 1 ≤ r ≤ n

2 , where FCQn denotes the n-dimensional folded crossed cube,
which is a variant of the hypercube called crossed cube by enhancing a folded link
between any two complementary vertices. In this paper, to supplement the complete-
ness of the findings of this study, we successfully determine the K1,r -(sub)structure
connectivity of FCQn for n

2 + 1 ≤ r ≤ n, which solves the open problem proposed
by Ba.
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1 Introduction

In the study of large multiprocessor systems, various types of networks have been
proposed as topologies. A network can be represented as a simple graph G =
(V (G), E(G)), where V (G) and E(G) denote the sets of processors and links, respec-
tively. One of the classic and fundamental networks is the hypercube. The bijective
connection (BC) network, abbreviated as BCn , is a type of cube-based network that
includes several well-known interconnection networks, such as hypercube Qn , crossed
cubeCQn [14], twisted hypercube T Qn [15], Möbius cube MQn [12], locally twisted
cube LT Qn [57], generalized cube G(m�,m�−1, . . . ,m1) [2], spined cubes SQn [66]
and so on. In addition, some cube-based networks (rather than BC networks) including
augmented cube AQn [11], augmented k-ary n-cube AQn,k [48], balanced hypercube
BQn [44], folded cube FQn [16] and so on also have received wide attention. In
2002, Zhang [63] proposed a folded crossed cube FCQn based on the structure of
CQn . This network enhances a folded link between any two complementary vertices,
making it more suitable for practical applications due to its superior properties such
as high performance, low-cost architecture, short diameter, and short mean internode
distance.

The fault tolerance of the processor has attracted the attention of many scholars, as
the failures will affect the operation of the whole system. The connectivity κ(G) of
a graph G, a classical parameter to measure network reliability and fault tolerance,
is the minimum number of vertices whose deletion disconnects G or leaves a single
vertex. However, in reality, traditional connectivity has its deficiencies because it is
almost impossible for all adjacent vertices of a vertex to be faulty simultaneously.
To compensate for this disadvantage, Harary [23] proposed the so-called conditional
connectivity for which every remaining connected component possesses a specific
graph-theoretic property ρ after deleting those faulty vertices. Later on, Fábrega and
Fiol [17] proposed extra connectivity, which is one of conditional connectivity. For a
vertex subset F ⊂ V (G), if the result of G − F (i.e., the removal of F from G) is
disconnected such that every remaining component has at least g + 1 vertices, then
F is called a g-extra vertex cut. The g-extra connectivity κg(G) of G is the minimum
cardinality over all g-extra vertex cuts.

The g-extra connectivity mainly measures the impact of a single faulty vertex
separately. That is, it is generally assumed that the failure of each single vertex u is
an independent event, regardless of the relatedness of its neighbors. In fact, adjacent
vertices may influence each other, and the closer they are to the faulty vertex, the more
likely cascading failures will occur. Particularly, with the development of science and
technology, networks and subnetworks are encapsulated into chips. If one or more
vertices in a chip become faulty, the whole chip may be regarded as defective. To
optimize the parameters of network fault tolerance anew, Lin et al. [31] proposed
structure connectivity and substructure connectivity to measure the connectedness
for a specific pattern in a graph. Fixed a subgraph H of G as a pattern, a set F of
subgraphs of G is an H -structure cut (resp. H -substructure cut) if every element ofF
is isomorphic to H (resp. isomorphic to a subgraph of H ) whenG−F is disconnected.
The H -structure connectivity κ(G; H) and the H -substructure connectivity κs(G; H)

are the cardinalities of a minimum H -structure cut and a minimum H -substructure
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cut of G, respectively. Since every graph pattern H is a substructure of itself, we have
κs(G; H) ≤ κ(G; H).

Let Kn be a complete graph on n vertices, and Kr ,s be a complete bipartite graph
with two parts having r vertices and s vertices, respectively. In particular, K1,r is the
star on r + 1 vertices (i.e., a graph with a center vertex joining r leaves), and P� (resp.
C�) be the path (resp. the cycle) with � vertices. In recent years, there are rich results on
structure connectivity κ(G; H) and substructure connectivity κs(G; H) of networks
with small order of H , such as H is isomorphic to K1,r (denoted as H ∼= K1,r ),
H ∼= P�, and H ∼= C�. As inspired by the pioneers’s work on hypercubes [31], many
studies focused on cube-based networks, and we summarize the currently known
results in Table 1. Note that the class of hypercube-like networks denoted by HLn

(or refer as bijective connection networks denoted by BCn) contains many variants
of hypercubes, and the K1,r -(sub)structure connectivity of HLn has been completely
determined in [30]. Therefore, subsequent research of K1,r -(sub)structure connectivity
must focus on folded, augmented, or hierarchical cube-based networks. In addition,
we can refer to the results of structure connectivity and substructure connectivity for
non-cube-based networks, such as arrangement graph An,k [25, 60], alternating group
graph AGn [29], star graph Sn [27, 54], (n, k)-star graph Sn,k [28], split-star network
S2n [64], hierarchical star network HSn [49], bubble-sort graph Bn [50, 58], bubble-
sort star graph BSn [59], modified bubble-sort graph MBn [46], (n, k)-bubble-sort
graph Bn,k [20], pancake graph Pn and burnt pancake graph BPn [13], wheel network
Wn [19], WK-recursive network K (d, t) [56], 2-D Tours T (m, n) [10], data center
network DCell and BCDC [6], and Cayley graph generated by transposition trees [41].

As mentioned before, FCQn exhibits higher reliability, lower cost, and improved
fault tolerance in performance evaluation as well. More properties of FCQn , includ-
ing diameter, bisection width, mean internode distance, and message traffic density,
can refer to [1, 63]. Hence, FCQn is considered a more efficient alternative when
choosing a multiprocessor system. Recent research works on FCQn mainly include
the following. Pai et al. [39] investigated the vertex-transitivity of FCQn . Several stud-
ies were focused on exploring diverse connectivities and diagnosabilities of FCQn ,
such as super connectivity and super edge-connectivity [9, 22], extra connectivity and
extra conditional diagnosability under PMCmodel [21], extra edge-connectivity [42],
component connectivity (resp. g-good neighbor connectivity) and component diag-
nosability (resp. g-good neighbor diagnosability) under PMCmodel and MM*model
[37]. Moreover, research on the applications of algorithmic aspects for FCQn can be
found in the literature, e.g., constructing n + 1 edge-independent spanning trees for
fault-tolerant communication [61, 62] and applying edge-disjoint Hamiltonian cycles
to all-to-all broadcasting [38].

Recently, Ba [3] studied κ(FCQn; K1,r ) for 2 ≤ r ≤ n
2 . To offermore precisemea-

surements of the fault tolerance and reliability of FCQn , a recommendation suggested
to examine the K1,r -(sub)structure connectivity with larger r on this network. Accord-
ingly, we determine in this paper the exact value κ(FCQn; K1,r ) for 3 ≤ r ≤ n, which
complements the range of r . The main theorem is as follows.

Theorem 1 For n ≥ 9 and 3 ≤ r ≤ n, κ(FCQn; K1,r ) = κs(FCQn; K1,r ) = � n+1
2 �.

123



H. Guo et al.

Ta
bl
e
1

T
he

cu
rr
en
tly

kn
ow

n
re
su
lts

of
(s
ub

)s
tr
uc
tu
re
-c
on

ne
ct
iv
ity

fo
r
cu
be
-b
as
ed

ne
tw
or
ks

N
et
w
or
k
G

St
ru
ct
ur
e
H

R
an
ge

of
Pa
ra
m
et
er
s

R
ef
er
en
ce
s

K
1,
r
,
C
4

1
≤

r
≤

3
[3
1]

H
yp

er
cu
be

Q
n

K
1,
4
,
P �

,
C
2�

3
≤

�
≤

n
[4
3]

K
1,
r

r
≥

2,
n

>
f(
r)

†
[5
]

A
ug

m
en
te
d
cu
be

A
Q
n

K
1,
r
,
P �

,
C
m

1
≤r

≤6
,1

≤�
≤2

n
−

1,
3
≤m

≤2
n

−
1

[2
4]

K
1,
r

4
≤

r
≤

3n
−1

5
4

[4
]

A
ug
m
en
te
d
k-
ar
y
n-
cu
be

A
Q
n,
k

P �
n

≥
2,

k
≥

3,
1

≤
�

≤
4n

−
2

[7
]

K
1,
r
,
C
4

1
≤

r
≤

5
[3
4]

B
al
an
ce
d
hy
pe
rc
ub
e
B
Q
n

K
1,
r
,
P �

,
C
6m

r
∈{

4,
5},

4
≤

�
≤

n,
6

≤
6m

≤
n

[3
2]

K
1,
r
,
P �

,
C
4

1
≤

r
≤

2n
,1

≤
�

≤
7

[5
5]

C
ro
ss
ed

cu
be

C
Q
n

K
1,
1
,
K
1,
3
,
P �

,
C
4

3
≤

�
≤

n
[4
0]

D
iv
id
e-
an
d-
sw

ap
cu
be

D
SC

n
K
1,
r
,
C
4

1
≤

r
≤

lo
g 2

n
[6
5]

D
iv
id
e-
an
d-
sw

ap
k-
ar
y
n-
cu
be

D
SC

k n
K
1,
r

1
≤

r
≤

lo
g 2

n
+

2
[4
7]

E
xc
ha
ng

ed
hy
pe
rc
ub

e
E
H

(s
,
t)

K
1,
r
,
P �

,
C
2m

r
≤s

−
1
≤t

−
1,

�
≥2

,6
≤2

m
≤s

−
1

[3
3]

Fo
ld
ed

cu
be

F
Q
n

K
1,
3
,
P �

,
C
2�

n
≥

7,
2

≤
�

≤
n

[4
3]

K
1,
r

n
≥

7,
2

≤
r

≤
n

−
1

[4
]

G
en
er
al
iz
ed

hy
pe
rc
ub
e
G

(m
�
,
m

�−1
,
..

.,
m
1
)

K
1,
r
,
C
3
,
C
4
,
K
4

1
≤

r
≤

∑
�
−1 i=
1

m
i

�
−1

−
1

[4
5]

H
yp

er
cu
be
-l
ik
e
ne
tw
or
ks

H
L
n

K
1,
r
,
C
4

n
≥

4,
r

≥
1

[3
0]

Tw
is
te
d
hy
pe
rc
ub
es

T
Q
n

K
1,
r
,
P �

r
∈{

3,
4},

1
≤

�
≤

n
[2
6]

k-
ar
y
n-
cu
be

Q
k n

K
1,
r

n
≥

2,
k

≥
3,
1

≤
r

≤
3

[3
5]

P �
,
C

�
3

≤
�

≤
2n

[3
6]

†
f(
r)

is
a
ce
rt
ai
n
qu
ad
ra
tic

fu
nc
tio

n,
se
e
[5
]

123



Structure connectivity of folded crossed cubes…

The remaining parts of this paper are organized as follows. Section2 provides
some necessary definitions and preliminary results. Section3 proves the correctness
of Theorem 1. The last section concludes with a remark.

2 Preliminaries

For a positive integer n, let 〈n〉 = {0, 1, . . . , n − 1} and [n] = {1, 2, . . . , n − 1, n}.
Let G = (V (G), E(G)) be a graph. We define the neighborhood and the closed
neighborhood of a vertex u ∈ V (G) by NG(u) = {v ∈ V (G) : uv ∈ E(G)} and
NG [u] = NG(u) ∪ {u}, respectively. Denote dG(u) = |NG(u)| the degree of u in
G and δ(G) = min{dG(u) : u ∈ V (G)} the minimum degree of G. For a subset
U ⊆ V (G), let NG(U ) = ∪u∈U NG(u) \ U , NG [U ] = NG(U ) ∪ U , and G[U ] be
the subgraph of G induced by U . For convenience, we use [U ] instead of G[U ], and
omit the subscript G in notations NG(u), NG [u], dG(u), NG(U ), and NG [U ] if the
graph G is evident from the context. The distance between u and v in G, denoted by
distG(u, v), is the number of edges in a shortest path between u and v in G. Let F be
a set of subgraphs of G and F ∈ F . We use G − F to denote G[V (G) \ V (F)] and
G − F to denote G[V (G) \ ∪F∈FV (F)]. For flexible use of notations, G − F and
G − V (F) (resp. G −F and G − V (F)) represent the same meaning and can be used
interchangeably. If a graph H is a star (i.e., H ∼= K1,r ), we use c(H) to denote the
center vertex with degree r in H . For notations not explicitly explained here, we refer
to [8].

Let u = u1u0 and v = v1v0 be two binary strings of length two.We say that u and v

are pair-related, denoted by u ∼ v if (u, v) ∈ {(00, 00), (01, 11), (11, 01), (10, 10)}.
Otherwise, denote u � v to mean u and v are not pair-related. Using this pair relation
for binary strings, Efe [14] gave the following definition of crossed cubes.

Definition 1 (see [14]). The n-dimensional crossed cube CQn is defined by the fol-
lowing recursive fashion:
1. CQ1 ∼= K2 has two vertices with labels 0 and 1.
2. For n ≥ 2, CQn is composed of two subcubes CQ0

n−1 and CQ1
n−1 such that

each subcube CQi
n−1 for i ∈ {0, 1} is isomorphic to CQn−1 and every vertex in

CQi
n−1 is labeled by an n-bit binary string with the leading bit i . Two vertices u =

0un−2 · · · u1u0 ∈ V (CQ0
n−1) and v = 1vn−2 · · · v1v0 ∈ V (CQ1

n−1) are adjacent if
and only if

(a) un−2 = vn−2 if n is even, and
(b) u2i+1 u2i ∼ v2i+1 v2i for 0 ≤ i < 
 n−1

2 �,
where u and v are called the (n−1)-th neighbors to each other, and denote as v = un−1

and u = vn−1.

According to the above definition, the i-th neighbor of a vertex u = un−1un−2 · · · u1
u0 ∈ V (CQn) for i ∈ 〈n〉 can be represented as follows:

ui =
{
un−1 un−2 · · · ui+1ūi (ui−1 ui−2) · · · (u1 u0), if i is even;
un−1 un−2 · · · ui+1ūi ui−1(ui−2 ui−3) · · · (u1 u0), if i is odd,
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Fig. 1 FCQn for n = 1, 2, 3, 4, where dotted lines indicate complement edges

where ūi = 1− ui for ui ∈ {0, 1}, and the notation (u ju j−1) denotes the pair-related
operation on two consecutive bits u j and u j−1. Using this representation of neighbors,
we can easily extend it to represent multiple levels of neighbor relationships. If v is
the j-th neighbor of ui , we denote v = ui, j . Furthermore, if w is the k-th neighbor of
v, we denoted w = vk = ui, j,k , and so on. Particularly, the (n − 1)-th neighbor of u
is called the external neighbor of u and is denoted by ex(u) = un−1.

Inspired by the idea of folded hypercube, Zhang [63] introduced folded crossed cube
to strengthen the structure of CQn . For each u = un−1un−2 · · · u1u0 ∈ V (CQn), let
ū = un−1un−2 · · · u1u0 = ūn−1ūn−2 · · · ū1ū0. Then, u and ū are called complemen-
tary vertices.

Definition 2 (see [63]). The n-dimensional folded crossed cube FCQn is constructed
from CQn by adding a set of edges between complementary vertices. Formally, let
M = {uū : u ∈ V (CQn)} be the set of complementary edges, where ū is called the
complementary neighbor of u and is denoted by co(u) = ū. Then, FCQn has the
vertex set V (FCQn) = V (CQn) and edge set E(FCQn) = E(CQn) ∪ M .

FCQn have 2 n vertices and (n + 1)2 n−1 edges. For any vertex u ∈ V (CQ i
n−1)

with i ∈ {0, 1}, it has only two neighbors in CQ 1−i
n−1, i.e., ex(u) and co(u). For

S ⊆ V (FCQn), abbreviate NFCQn (S) as N (S). For any subgraph S of FCQn ,
abbreviate NFCQn (V (S)) as N (S). The FCQn for n ∈ [4] is shown in Fig. 1.

In what follows, we present some structure properties of FCQn .

Lemma 2.1 (see [9]). For n ≥ 4, FCQn has the following properties:
(1) FCQn contains no triangle.
(2) For two distinct vertices u, v ∈ V (FCQn), |N (u) ∩ N (v)| ≤ 2.

From Lemma 2.1, the following property directly holds.

Lemma 2.2 Let H ∼= K1,r be a subgraph of FCQn. If u ∈ V (FCQn − H), then
|N (u) ∩ V (H)| ≤ 2;

Lemma 2.3 (see [3]). Let H be a subgraph of FCQn . For any edge uv ∈ E(FCQn −
H), if H ∼= K1,r with 2 ≤ r ≤ n + 1, then |N ({u, v}) ∩ V (H)| ≤ 3.
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Lemma 2.4 (see [21]). For n ≥ 5, let u, v ∈ V (CQ 0
n−1) in FCQn. If co(u) = ex(v),

then
{
distCQ 0

n−1
(u, v) = � n

2 �, if n is odd;

� n
2 � ≤ distCQ 0

n−1
(u, v) ≤ � n+1

2 �, if n is even.

Theorem 2 (see [3]). For n ≥ 8 and 2 ≤ r ≤ n
2 , then κ(FCQn; K1,r ) =

κ s(FCQn; K1,r ) = � n+1
2 �.

Theorem 3 (see [3]). For n ≥ 6 and 3 ≤ k ≤ 2n + 1, then

κ(FCQn; Pk) = κ s(FCQn; Pk) =
{

� 2(n+1)
k+1 �, if k is odd;

� 2(n+1)
k �, if n is even.

At the end of this section, we introduce two functions that play a crucial role in this
paper. For n ≥ 4, define

f (x) = − x2

2
+ (n − 1

2
)x + 1, where 1 ≤ x ≤ n + 1, (1)

and

g(x) = − x2

2
+ (2n − 3

2
)x + 2 − n2, where n + 2 ≤ x ≤ 2n. (2)

Note that Eq. (1) firstly appeared in [18] to determine the t/k-diagnosability of
BCn , and Eq. (2) presented in [52] to solve the minimum neighborhood problem
of BCn . Yang and Lin [51] explored the extra connectivity of BC networks using
Eqs. (1) and (2).

Lemma 2.5 (see [51, 53]). Let BCn beann-dimensional bijective connectionnetworks
for n ≥ 4, and F ⊆ V (BCn) be a faulty set of vertices. Then,

(1) If |F | < f (k) for 1 ≤ k ≤ n − 3, then BCn − F contains exactly one large
component with at least 2n − |F | − (k − 1) vertices, i.e., the number of vertices in all
small components is at most k − 1.

(2) If |F | < f (k) for n − 2 ≤ k ≤ n + 1, then BCn − F contains exactly one large
component with at least 2n − |F | − (n + 1) vertices, i.e., the number of vertices in all
small components is at most n + 1.

(3) If |F | < g(k) for n + 2 ≤ k ≤ 2n − 4, then BCn − F contains exactly one
large component with at least 2n − |F | − (k − 1) vertices, i.e., the number of vertices
in all small components is at most k − 1.

3 Proof of Theorem 1

Lemma 3.1 If n ≥ 5 and 3 ≤ r ≤ n, then κ(FCQn; K1,r ) ≤ � n+1
2 � and

κ s(FCQn; K1,r ) ≤ � n+1
2 �.
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Fig. 2 Illustration of Lemma 3.1: A K1,r -structure cut of FCQn when n is odd and 3 ≤ r ≤ n

Proof First, we prove κ(FCQn; K1,r ) ≤ � n+1
2 �. We will find a K1,r -structure cut

F with |F | = � n+1
2 � such that FCQn − F is disconnected and it takes a singleton

u ∈ V (FCQn) as a trivial component. Clearly, 
 n−1
2 � = � n+1

2 � − 1 if n is odd, and

 n−1

2 � = � n+1
2 � − 2 if n is even. For each i ∈ 〈
 n−1

2 �〉, let Ii = 〈r〉\{2i + 1, 2i + 2}.
Let F = {F0, F1, . . . , F� n+1

2 �−2, F� n+1
2 �−1}, where

V (Fi ) = {u 2i+1, u 2i+1, 2i+2, u2i+2} ∪ {u 2i+1, 2i+2, j : j ∈ Ii ]} for i ∈ 〈
n − 1

2
�〉,

V (F� n+1
2 �−1) = {ū, ū 0, u0} ∪ {ū 0, j : j ∈ [r − 2]},

and

V (F� n+1
2 �−2) = {un−1, un−1, 1} ∪ {un−1, 1, j : 2 ≤ j ≤ r} if n is even.

Obviously, Fi ∼= K1,r for each Fi ∈ F . As N (u) ⊆ ∪Fi∈FV (Fi ), FCQn −
F is disconnected, and F is a K1,r -structure cut of FCQn . See Fig. 2 as an
illustration for the description of a K1,r -structure cut F when n is odd. Thus,
κ(FCQn; K1,r ) ≤ |F | = � n+1

2 �. Since κ s(FCQn; K1,r ) ≤ κ(FCQn; K1,r ), it
implies that κ s(FCQn; K1,r ) ≤ � n+1

2 �. ��
Note that FCQn contains two disjoint subgraphs CQ0

n−1 and CQ1
n−1 such that

CQ0
n−1

∼= CQ1
n−1

∼= CQn−1. We will simply denote CQi
n−1 as Li for i ∈ {0, 1}.

Let F = {F1, F2, . . . , Ft }, not necessarily pairwise non-isomorphic, be any K1,r -
substructure cut of FCQn for 3 ≤ r ≤ n such that every faulty star Fi ∈ F is
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isomorphic to a connected subgraph of K1,r . For each j ∈ {0, 1}, let F j be a set
of subgraphs of L j such that V (F j ) = V (F) ∩ V (L j ) and every elements of F j

is isomorphic to a subgraph of K1,r . Let C = {c(Fi ) : Fi ∈ F} be the set of all
center vertices of faulty stars in F . It is clear that |C | = |F | and |V (F j )| ≤ (r +
1) · |C | for each j ∈ {0, 1}. Before giving the lower bounds of κ(FCQn; K1,r ) and
κ s(FCQn; K1,r ), we provide some properties related to center vertices of certain
elements F ∈ F as follows.

Lemma 3.2 For n ≥ 7, let z = 0zn−2zn−3 · · · z1z0 ∈ V (L0), x = ex(co(ex(co(zi )))),
and y = co(ex(co(ex(zi )))) in FCQn. Then, x (resp. y) is a neighbor of z if and only
if the following conditions hold:

(1) i ∈ {1, n − 3} for n even, or i ∈ {1, n − 2} for n odd;
(2) z j z j−1 ∈ {01, 11} where j = 2� + 1 for each � ∈ [� n

2 � − 3];
(3) z1z0 ∈ {00, 10}.

Proof The proof of Lemma 3.2 is given in Appendix A. ��
Lemma 3.3 For n ≥ 5, let z = 0zn−2zn−3 · · · z1z0 ∈ V (L0) and let F ∼= K1,r and
F ′ ∼= K1,r ′ be two subgraphs of FCQn such that c(F), c(F ′) ∈ V (L0) \ {z}. If
ex(z) ∈ V (F) and co(z) ∈ V (F ′), then c(F) �= c(F ′).

Proof The proof of Lemma 3.3 is given in Appendix B. ��
Lemma 3.4 For n ≥ 7, let z = 0zn−2zn−3 · · · z1z0 ∈ V (L0) and x, y ∈ NL0(z)
be any two distinct neighbors of z. For each t ∈ [2], let Ft ∼= K1,rt and F ′

t
∼=

K1,r ′
t
be subgraphs of FCQn such that c(Ft ), c(F ′

t ) ∈ V (L0)\{z}. Suppose co(x) ∈
V (F1), ex(x) ∈ V (F2), co(y) ∈ V (F ′

1), and ex(y) ∈ V (F ′
2). Then, the following two

assertions hold:
(1) c(F1), c(F2), c(F ′

1), and c(F ′
2) are pairwise distinct if one of the following

conditions holds:
a. z1z0 /∈ {00, 10};
b. There is an integer j = 2� + 1 for � ∈ [� n

2 � − 3] such that z j z j−1 /∈ {01, 11};
c. {x, y} ∩ {z1, zn−3} = ∅ for n even, or {x, y} ∩ {z1, zn−2} = ∅ for n odd.

(2) Let z1z0 ∈ {00, 10} and z j z j−1 ∈ {01, 11} where j = 2� + 1 for each � ∈
[� n

2 �−3]. If n is even and {x, y} = {z1, zn−3} or n is odd and {x, y} = {z1, zn−2} such
that c(F1), c(F2), c(F ′

1), c(F
′
2) /∈ {x, y}, then c(F1) = c(F ′

2) and c(F2) = c(F ′
1).

Proof The proof of Lemma 3.4 is given in Appendix C. ��
Next, we will prove that |F | ≥ � n+1

2 �. Suppose on the contrary that |F | ≤ � n+1
2 �−

1. Recall C = {c(F) : F ∈ F}. Let C i = C ∩ V (Li ) for i ∈ {0, 1}. Without loss of
generality, assume |C 1| = p ≤ q = |C 0|.Wewill prove that FCQn−F is connected
through the following lemmas, which leads to a contradiction.

Lemma 3.5 For n ≥ 9, if |F | ≤ 
 n
2 �, then L1 − F 1 is connected.

Proof As |C0| + |C1| = |C | = |F | ≤ 
 n
2 � and |C1| = p ≤ 
|C |/2� ≤ 

 n

2 �/2� =

 n
4 �, it implies |C0| = q ≤ 
 n

2 � − p. Suppose on the contrary that L1 − F 1 is
disconnected. Let H1 be a smallest component of L1 − F 1. We prove the following
assertion.
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Claim A |V (H1)| ≤ n+3
2 − 1.

Proof For any center vertex v ∈ C1, one has that dL1(v) ≤ n−1. For any F ∈ F with
c(F) ∈ C1, let F ∼= K1,rs . Obviously, rs ≤ n − 1. Since F j is the set of subgraphs
of L j such that V (F j ) = V (F) ∩ V (L j ), it follows that

|V (F 1)| ≤ (rs + 1) · |C1| +
∑

c(Fi )∈C0

|V (Fi ) ∩ V (L1)|

≤ n · |C1| + 2|C0| (Note that every vertex in

L0 has exactly two neighbors in L1.)

≤ n · p + 2 · (
n
2
� − p)

≤ (n − 2) · p + n

≤ (n − 2) · n
4

+ n

≤ n2 + 2n

4
.

Let |V (H1)| = m. We now prove that |V (F 1)| < f ( n+3
2 ) for n ≥ 9, where f (·)

is defined in Eq. (1):

f

(
n + 3

2

)

− |V (F 1)| ≥
(

− ( n+3
2 )2

2
+ (n − 1

2
)(
n + 3

2
) + 1

)

− n2 + 2n

4

= −n2 + 6n + 9

8
+ 2n2 + 5n + 1

4
− n2 + 2n

4

= n2 − 7

8
> 0.

By Lemma 2.5(1), as |V (F 1)| < f ( n+3
2 ) and n+3

2 ≤ n − 3 for n ≥ 9, the number
of vertices in all small components of L1 − F 1 is at most n+3

2 − 1. This implies that
|V (H1)| = m ≤ n+3

2 − 1. ��

If m = 1, denote V (H1) = {u}. For any F ∈ F , if c(F) ∈ C0, by Lemma
2.4, one has that |NL1(u) ∩ V (F ∩ L1)| ≤ 1; if c(F) ∈ C1, by Lemma 2.2, then
|NL1(u) ∩ V (F ∩ L1)| ≤ 2. As a result,

|NL1(u) ∩ V (F 1)| ≤ 2|C1| + |C0| ≤ 2p + (
n
2
� − p)

≤ 
n
4
� + 
n

2
� < n − 1 = |NL1(u)|,

which contradicts that {u} is a component of L1 − F 1. Thus |V (H1)| = m ≥ 2.
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Let u and v be two adjacent vertices inH1. Clearly, |NH1({u, v})| ≤ m − 2. Since
H1 is a component of L1 − F 1, we have NL1(H1) ⊆ V (F 1). Then

|NL1−H1(u) ∪ NL1−H1(v)| = |NL1(u)| + |NL1(v)| − |NH1({u, v})|
−|{u, v}| ≥ 2(n − 1) − (m − 2) − 2.

That is, u and v has at least 2n−m−2 neighbors inF 1. For any F ∈ F , if c(F) ∈ C0,
by Lemma 2.4, one has that |NL1({u, v})∩V (F ∩ L1)| ≤ 1; if c(F) ∈ C1, by Lemma
2.3, we have |NL1({u, v}) ∩ V (F ∩ L1)| ≤ 3. So

2n − m − 2 ≤ 3|C1| + |C0| ≤ 3p + (
n
2
� − p) ≤ 2 · 
n

4
� + 
n

2
�

When n ≥ 9, this implies that

|V (H1)| = m ≥ (2n − 2) − (2 · 
n
4
� + 
n

2
�)

≥
{
n − 2, if n is even;
n − 3, if n is odd,

>
n + 3

2
− 1,

which contradicts with Claim A. Thus, L1 − F 1 is connected. ��
Lemma 3.6 For n ≥ 9, if |F | ≤ 
 n

2 � and |C0| ≥ |C1| > 0, then |V (H0)| ≥ n + 2,
where H0 is one of the smallest component of L0 − F 0.

Proof As |C0| + |C1| = |C | = |F | ≤ 
 n
2 � and |C1| = p ≥ 1, it implies |C0| = q ≤


 n
2 � − 1. We prove the following assertions.

Claim B |C1| ≥ 2.

Proof Suppose on the contrary that |C1| = p = 1. Then, there exists an F (∼= K1,rs ) ∈
F such that c(F) ∈ C1 ⊆ V (L1). By Lemma 3.5, L1 − F 1 is connected. Thus, if
L0 − F 0 is connected, then L0 − F 0 must be connected to L1 − F 1 as

(|V (L1)| − |V (F 1)|) − |V (F 0)| = |V (L1)| − |V (F)| ≥ 2n−1 − (n + 1)
n
2
� > 0,

where the leftmost term means that the number of residual vertices after removing
F 1 from L1 is more than the number of faulty stars with the center vertex located
in L0. Consequently, FCQn − F is connected, which contradicts with that F is a
K1,r -substructure cut of FCQn . Thus, we consider that L0 −F 0 is disconnected. Let
D0 be any component of L0 − F 0. Note that H0 may or may not be D0.
Case B-1. |V (D0)| = 1.

Denote D0 = {w}. Since {w} is a component of L0 − F 0, we have NL0(w) ⊆
V (F 0). We prove |C0| ≥ 
 n

2 � − 1 by contradiction. Suppose not, and assume that
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|C0| ≤ 
 n
2 � − 2. For each F ∈ F , by Lemma 2.2 and Lemma 2.4, we have |N (w) ∩

V (F)| ≤ 2 when c(F) ∈ L0 and |N (w) ∩ V (F)| ≤ 1 when c(F) ∈ L1. Thus,

|NL0(w) ∩ V (F 0)| ≤ 2|C0| + |C1| = 2q + p ≤ 2(
n
2
� − 2) + 1 ≤ n − 3 < n − 1

= |NL0(w)|,

which contradicts with NL0(w) ⊆ V (F 0). Combining with |C0| ≤ 
 n
2 � − 1, we have

that |C0| = 
 n
2 � − 1.

Now, we prove that w is connected to L1 − F 1. On the contrary, we assume that
NL1(w) ⊆ V (F 1). As |C1| = 1, by Lemma 2.4, let F� ∈ F with c(F�) ∈ C1

such that |NL1(w) ∩ V (F�)| ≤ 1. As w has two neighbors in L1, there is at least
one neighbor of w that belongs to

⋃
c(F)∈C0 V (F ∩ L1) for F ∈ F . Let Fj ∈ F be

such a faulty star with c(Fj ) ∈ C0 such that NL1(w) ∩ V (Fj ) �= ∅. By Lemma 2.4,
|NL0(w) ∩ V (Fj )| = 0. Then,

|NL0(w) ∩ V (F 0)| ≤ 2|C0 \ {c(Fj )}| + |C1|
≤ 2(
n

2
� − 2) + 1 < n − 1 = |NL0(w)|,

which contradicts with that w is a component of L0 − F 0. Hence w is connected to
L1 − F 1.
Case B-2. |V (D0)| ≥ 2.

We prove that D0 is connected to L1 −F 1. Let u ∈ V (D0) and dD0(u) = t . Then
|NL0(u)| = n − 1 = |ND0(u)| + |NF 0(u)|. Since |V (D0)| ≥ 2, we have t ≥ 1. Let
Y = ⋃

u i∈ND0 (u) NL1(u
i ). Clearly, if Y ∩ V (L1 −F 1) �= ∅, then D0 is connected to

L1 − F 1. On the other hand, we suppose that Y ⊆ V (F 1). As |C1| = 1, let F� ∈ F
with c(F�) ∈ C1. For any u i ∈ ND0(u), by Lemma 2.4, |NL1(u

i ) ∩ V (F�)| ≤ 1.
As ui has two neighbors in L1, there exists an Fj ∈ F with c(Fj ) ∈ C0 such that
|NL1(u

i ) ∩ V (Fj )| = 1. Again, by Lemma 2.4, |NL0(u) ∩ V (Fj )| = 0, i.e., Fj

contains no neighbor of u in L0. As |ND0(u)| = t , at least t elements of F 0 may
contain no neighbor of u. Particularly, if t ≥ 3, the number of elements in F 0 that
contain no neighbor of u may reduce to t − 1 caused by the following reason. For
n even, if u1, un−3 ∈ ND0(u) and u fulfills the conditions of Lemma 3.4(2), then
the center vertices of faulty stars containing co(u1) and ex(un−3) (resp. ex(u1) and
co(un−3)) in F 0 are the same. Also, a similar argument by replacing un−3 with un−2

still holds for n odd. Thus,

|NF 0 (u)| ≤
{
2(|C0| − t) + |C1| ≤ 2(
 n2 � − 1 − t) + 1 ≤ n − 2t − 1, if t ∈ {1, 2};
2(|C0| − (t − 1)) + |C1| ≤ 2(
 n2 � − t) + 1 ≤ n − 2t + 1, if 3 ≤ t ≤ n − 1.

As a result,

n − 1 = |NL0(u)| = |NF 0(u)| + |ND0(u)| ≤
{

(n − 2t − 1) + t, if t ∈ {1, 2};
(n − 2t + 1) + t, if 3 ≤ t ≤ n − 1

< n − 1.
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which is a contradiction. This means that Y � V (F 1). Hence, there exits a vertex
u i ∈ ND0(u) such that co(u i ) or ex(u i ) is located in L1 −F 1. By arbitrariness of u,
D0 is connected to L1 − F 1.

Based on the discussions of Cases B-1 and B-2, if L0 − F 0 is disconnected and
|C1| = 1, then every component of L0 − F 0 is connected to L1 − F 1. As L1 − F 1

is connected by Lemma 3.5, it follows that FCQn −F is connected. This contradicts
with the fact that F is a K1,r -substructure cut of FCQn . Thus, |C1| ≥ 2. ��
Claim C |V (H0)| ≥ 2.

Proof Suppose on the contrary that |V (H0)| = 1. Denote H0 = {w}. Since H0 is a
smallest component of L0 − F 0, we have NL0(w) ⊆ V (F 0). By Claim B, we have
|C0| = |C | − |C1| ≤ 
 n

2 � − 2. One has that

|NL0(w) ∩ V (F 0)| ≤ 2|C0| + |C1| = |C | + |C0|
≤ 
n

2
� + (
n

2
� − 2) < n − 1 = |NL0(w)|,

which contradicts with NL0(w) ⊆ V (F 0). Thus |V (H0)| ≥ 2. ��
Let us now proceed to the proof of Lemma 3.6. Given a vertex y ∈ V (H0), we

let N1 = NH0(y), N2 = NH0(N1) \ {y}, N3 = NH0(N2) \ (N1 ∪ {y}) and N4 =
NH0(N3) \ (N2 ∪ N1 ∪ {y}).
Case 1. 
 n

2 � ≤ δ(H0) ≤ n − 1.
Suppose dH0(y) = δ(H0) = h ≥ 
 n

2 �. Clearly, |NH0(w) \ {y}| ≥ h − 1 for any
vertex w ∈ N1. Next, we examine the minimum value of |N2|. By Lemma 2.1(2),
to achieve the minimum value of |N2|, we need to maximize the number of vertices
in N1 that share common neighbors in N2. Specifically, we aim to maximize the
number of vertices in N2 that share two common neighbors of y in N1. We can obtain
|N2| ≥ h(h − 1) − (h

2

) = h(h−1)
2 . Thus,

|V (H0)| ≥ |{y}| + |N1| + |N2| ≥ 1 + h + h(h − 1)

2
= h2 + h + 2

2
.

As h ≥ 
 n
2 �, it follows 2h + 2 ≥ n + 1. When n ≥ 9, one has that

|V (H0)| − (n + 1) ≥ h2 + h + 2

2
− (2h + 2) = h2 − 3h − 2

2
> 0,

where h ≥ 
 n
2 � ≥ 4. Hence, |V (H0)| ≥ n + 2.

Case 2. δ(H0) = 1.
Suppose dH0(y) = δ(H0) = 1. Then, |NF 0(y)| = |NL0(y) \ N1| = (n−1)−1 =

n − 2. By Claim B, we have |C0| ≤ |C | − |C1| ≤ 
 n
2 � − 2. For any F ∈ F , by

Lemma 2.2 and Lemma 2.4, we have |NL0(y) ∩ V (F)| ≤ 2 when c(F) ∈ C0 and
|NL0(y) ∩ V (F)| ≤ 1 when c(F) ∈ C1. Thus,

n − 2 = |NF 0(y)| ≤ 2|C0| + |C1| = |C | + |C0| ≤ 
n
2
� + (
n

2
� − 2) ≤ n − 2.
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Note that the above inequality implies that n is even and |C1| = 2. Moreover, for any
F ∈ F , if c(F) ∈ C0, we have |NL0(y) ∩ V (F)| = 2; if c(F) ∈ C1, then |NL0(y) ∩
V (F)| = 1. As dH0(y) = |N1| = 1, we denote NH0(y) = {w}. By Lemma 2.3, if
c(F) ∈ C0, then |NL0({y, w})∩V (F)| ≤ 3. It further implies |NL0(w)∩V (F)| ≤ 1.
Also, by Lemmas 2.4 and 2.1(1), if c(F) ∈ C1, we have |NL0(w)∩V (F)| = 0. Thus,
|NF 0(w)| ≤ |C0| ≤ n

2 − 2, which implies that

|N2| = |NH0(w) \ {y}| ≥ |NL0(w)| − |{y}| − |NF 0(w)|
≥ (n − 1) − 1 − (

n

2
− 2) = n

2
. (3)

As n ≥ 9, N2 �= ∅. Let z be any vertex in N2. For any F ∈ F , if c(F) ∈ C0, by
Lemma 2.3, |NL0(w, z) ∩ V (F)| ≤ 3. As |NL0(w) ∩ V (F)| ≤ 1, it further implies
|NL0(z) ∩ V (F)| ≤ 2. By Lemma 2.1(1), FCQn contains no triangle, and thus z and
y are nonadjacent. By Lemma 2.1(2), y and z have at most two common neighbors
in L0. As w ∈ NL0(y) ∩ NL0(z), there is at most one faulty star F ′ ∈ F with
c(F ′) ∈ C1 such that NL0(y) ∩ V (F ′) = NL0(z) ∩ V (F ′) and |NL0(z) ∩ V (F ′)| =
1. Since |C1| = 2, there is another faulty star F ′′ ∈ F \ {F ′} with c(F ′′) ∈ C1

such that |NL0(y) ∩ V (F ′′)| = 1. Then, either NL0(y) ∩ V (F ′′) = {ex(c(F ′′))} or
NL0(y) ∩ V (F ′′) = {co(c(F ′′))}. By Lemma 2.4, dL0(ex(c(F

′′)), co(c(F ′′))) ≥ 5
when n ≥ 9, which implies that ex(c(F ′′)), co(c(F ′′)) /∈ NL0(z). Thus, |NL0(z) ∩
V (F ′)| + |NL0(z) ∩ V (F ′′)| ≤ 1. Hence, we have

|NF 0(z)| =
∑

c(F)∈C0

|NL0(z) ∩ V (F)| +
∑

c(F)∈C1

|NL0(z) ∩ V (F)|

≤ 2|C0| + 1 ≤ 2(
n

2
− 2) + 1 ≤ n − 3.

This implies that |NH0(z)\(N1 ∪ N2 ∪ {y})| = |NL0(z)| − |{w}| − |NF 0(z)| ≥
(n − 1) − 1 − (n − 3) = 1, which means that every vertex z ∈ N2 has at least one
neighbor in N3. However, by Lemma 2.1(2), at most two vertices of N2 can share a
common element in N3 (see Fig. 3). By Eq. (3), |N2| ≥ n

2 and it follows that

|N3| ≥ � |N2|
2

� ≥ �n
4
�. (4)

As n ≥ 9, N3 �= ∅. Let x be any vertex in N3. From above, we have |NH0(x) ∩
(N2 ∪ {w, y})| ≤ 2. In particular, if |N3| = � n

4 �, by Lemma 2.3, any two vertices
x, x ′ ∈ N3 are nonadjacent (otherwise, a star centered at w with leaves at N2 may
intersect NH0({x, x ′}) up to four vertices). Thus, |NH0(x)∩ (N3 ∪ N2 ∪{w, y})| ≤ 2.
For any F ∈ F , if c(F) ∈ C0, by Lemma 2.3, |NF (x)| ≤ 1; if c(F) ∈ C1, by
Lemma 2.1(1) and Lemma 2.4, |NL0(x) ∩ V (F)| = 0. Thus,

|N4| ≥ |NH0(x) \ (N3 ∪ N2 ∪ {w, y})|
= |NL0(x)| − |NN2(x)| − |NF 0(x)|
≥ (n − 1) − 2 − |C0|
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Fig. 3 An illustration of Case 2
in Lemma 3.6

≥ n − 3 − (
n

2
− 2)

= n

2
− 1. (5)

By Eqs. (3)-(5), one has that

|V (H0)| ≥ |{y}| + |N1| + |N2| + |N3| + |N4| ≥ 1 + 1 + n

2
+ �n

4
� + n

2
− 1 > n + 1.

Case 3. 2 ≤ δ(H0) ≤ 
 n
2 � − 1.

Suppose dH0(y) = |N1| = n1. Recall |C1| = p ≥ 2 and |C0| = q ≤ 
 n
2 � − 2.

For any F ∈ F , by Lemma 2.2 and Lemma 2.4, we have |NL0(y) ∩ V (F)| ≤ 2
when c(F) ∈ C0 and |NL0(y) ∩ V (F)| ≤ 1 when c(F) ∈ C1. Let B = {F ∈
F : c(F) ∈ C0, |NL0(y) ∩ V (F)| = 2} and b = |B|. Clearly, |NF 0(y)| ≤ p+ q + b.
As |NL0(y)| = |NH0(y)| + |NF 0(y)| and |NH0(y)| ≥ δ(H0) ≥ 2, we have

n1 = |NH0(y)| = |NL0(y)| − |NF 0(y)| ≥ (n − 1) − (p + q + b) ≥ 2. (6)

As N1 �= ∅, let w ∈ N1 such that |NH0(w)| = min{|NH0(v)| : v ∈ N1}. For each
F ∈ F , by Lemma 2.3, |N ({y, w}) ∩ V (F)| ≤ 3. Thus, if F ∈ B, then |NF (w)| ≤ 1;
otherwise, |NF (w)| ≤ 2. As a result, |NF 0(w)| ≤ 2(q − b)+ b. Let n2 = |NH0(w) \
{y}|. Clearly,

n2 = |NL0(w) \ {y}| − |NF 0(w)| ≥ (n − 2) − (2(q − b) + b). (7)

Based on the consideration of a minority of neighbors on H0 in choosing w, every
vertex of N1 has at least n2 neighbors in N2. Consider two cases as follows.
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Fig. 4 An illustration of
Case 3.1 in Lemma 3.6

Case 3.1. n2 ≥ n1.
By Lemma 2.1(2) and n2 ≥ n1, any two vertices of N1 can share at most one

common neighbor in N2. This implies that

|N2| ≥ n1n2 −
(
n1
2

)

= n1n2 − 1

2
(n21 − n1) (8)

with equality holding in the situation where any two vertices of N1 share two common
neighbors in H0. In what follows, we show that the tight lower bound of |V (H0)| ≥
n+2 can be attained in this specific situation. Overall, we can prove |V (H0)| ≥ n+2
by induction.

As q ≤ 
 n
2 � − 2 and 0 ≤ b ≤ q, one has that n2 ≥ 2. Thus, N2 �= ∅. Let z be a

vertex in N2 such that NH0(z) ∩ N1 = {w,w′}. For each vertex v ∈ N1 \ {w,w′}, by
Lemma 2.3, there is at most one neighbor z′ ∈ NH0(v) ∩ N2 such that it is adjacent
to z (otherwise, if two vertices z′, z′′ ∈ NH0(v) ∩ N2 are adjacent to z, then a star
centered at z with leaves including w,w′, z′, z′′ may intersect NH0({y, v}) up to four
vertices, see Fig. 4). This shows that |NH0(z) ∩ N2| ≤ n1 − 2. Next, we consider the
number of neighbors of z in F 0. For each F ∈ F , if c(F) ∈ C1, by Lemma 2.1(1)
and Lemma 2.4, |NL0(z) ∩ V (F)| = 0. In addition, if c(F) ∈ C0, by Lemma 2.2,
|NL0(z) ∩ V (F)| ≤ 2. Moreover, since |NL0({y, w}) ∩ V (F)| ≤ 3, if F /∈ B, then
|NL0(w) ∩ V (F)| can be up to two, and it further implies that |NL0(z) ∩ V (F)| ≤ 1.
Thus, |NF 0(z)| ≤ q + b (see Fig. 4). Then,

|N3| ≥ |NH0(z) \ (N2 ∪ N1 ∪ {y}))|
= |NL0(z)| − |NN1(z)| − |NN2(z)| − |NF 0(z)|
≥ (n − 1) − 2 − (n1 − 2) − (q + b). (9)
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Hence, by Eqs. (8) and (9), one has that

|V (H0)| − (n + 1)

≥ |{y}| + |N1| + |N2| + |N3| − (n + 1)

≥ 1 + n1 + (n1n2 − n21
2

+ n1
2

) + (n − 1) − 2 − (n1 − 2) − (q + b) − (n + 1)

≥ n1n2 − n21
2

+ n1
2

− (q + b + 1). (10)

According to the above inequality, we define f (n1, n2) = n1n2 − 1
2 (n

2
1 − n1) − (q +

b + 1) to be a function of two variables. Clearly, we have the two partial derivatives
fn1(n1, n2) = n2 − n1 + 1

2 and fn2(n1, n2) = n1. In this case, fn1(n1, n2) > 0 and
fn2(n1, n2) > 0. As n2 ≥ n1 and by Eq. (6), n1 ≥ 2, we claim that f (n1, n2) > 0 for
all n1 ∈ {2, 3, . . . , n2}. The proof is by induction on n1.

When n1 = 2, by Eq. (6), we have (n−1)− (p+q+b) = 2. Then, combining 2 ≤
p ≤ q, p+q ≤ 
 n

2 � and b ≤ q, it follows that either p = 2, q = 
 n
2 �−2, b = 
 n

2 �−3
or p = 3, q = b = 
 n

2 �− 3. By Eq. (7), we have n2 ≥ (n− 2)− (2q − b) ≥ � n
2 �− 1.

As f (·) is an increasing function with respect to both n1 and n2, one has that

f (n1, n2) ≥ f (2, n2) ≥ f (2, �n
2
� − 1) = 2 · (�n

2
� − 1) − 1 − (q + b + 1)

= (n − 1) − (p + q + b) + p − 3 > 0.

Assume f (n1, n2) > 0 for 2 ≤ n1 ≤ n2 − 1. That is,

f (n1, n2) = n1 · n2 − n21
2

+ n1
2

− (q + b + 1) > 0.

We now consider f (n1 + 1, n2) and, by induction hypothesis, we obtain

f (n1 + 1, n2) = (n1 + 1) · n2 − (n1 + 1)2

2
+ n1 + 1

2
− (q + b + 1)

=
(

n1 · n2 − n21
2

+ n1
2

− (q + b + 1)

)

+ (n2 − n1) > 0.

Thus, f (n2, n2) > 0 and |V (H0)| ≥ f (n2, n2) + (n + 1) > n + 1.
To help readers understand the above proof, we provide the analytic framework for

this case in Fig. 5(a), which can also be conveniently compared with the following
case.
Case 3.2. n2 < n1.

Recall that w ∈ N1 is a vertex such that |NH0(w)| = min{|NH0(v)| : v ∈ N1}. As
|N1| = n1 > n2, let N ′

1 be a proper subset of N1 and n′
1 = |N ′

1| such that n′
1 ≤ n2

and w ∈ N ′
1. Then, |N1 \ N ′

1| = n1 − n′
1 ≥ n1 − n2 > 0. Let N ′

2 = NH0(N
′
1) \ {y}

and N ′
3 = NH0(N

′
2)\(N ′

1 ∪ {y}). As n2 ≥ n′
1, arguments similar to Eqs. (8) and (9) in
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Fig. 5 An illustration of Case 3.2 in Lemma 3.6. (a) Case 3.1: n2 ≥ n1; (b) Case 3.2: n2 < n1

Case 3.1 can estimate two lower bounds of |N ′
2| and |N ′

3| as follows.

|N ′
2| ≥ n′

1n2 −
(
n′
1

2

)

= n′
1n2 − 1

2
(n′

1
2 − n′

1) (8’)

and

|N ′
3| ≥ |NH0(z) \ (N ′

2 ∪ N ′
1 ∪ {y}))| (9’)

= |NL0(z)| − |NN ′
1
(z)| − |NN ′

2
(z)| − |NF 0(z)|,

where z ∈ N ′
2 has exactly two neighbors (including w) that are contained in N ′

1. Let
H′

0 = {y} ∪ N ′
1 ∪ N ′

2 ∪ N ′
3. By Eqs. (8’) and (9’), a reasoning similar to Eq. (10) that

follows a proof of induction can show that |V (H′
0)| > n + 1. Therefore, |V (H0)| ≥

|N1\N ′
1| + |V (H′

0)| ≥ n + 2 (see Fig. 5(b)).
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Based on discussions of Cases 1–3, for any case of 1 ≤ δ(H0) ≤ n − 1, if n ≥ 9
and C j �= ∅ for j ∈ {0, 1}, then |V (H0)| ≥ n + 2. ��
Proof of Theorem 1. By Lemma 3.1, it suffices to prove that κ s(FCQn; K1,r ) ≥
� n+1

2 �. Suppose on the contrary that κs(FCQn; K1,r ) ≤ � n+1
2 � − 1 = 
 n

2 � and F
is a K1,r -substructure cut of FCQn with |F | ≤ 
 n

2 �. In what follows, we consider
situations according to where center vertices of C are located.
Case 1. C ⊆ V (L0) or C ⊆ V (L1).

Without loss of generality, assume C ⊆ V (L0). Then, |C0| = |F | ≤ 
 n
2 �. By

Lemma 3.5, L1 −F 1 is connected. Thus, if a vertex v ∈ V (L0 −F 0) with |NL1(v)∩
V (L1 −F 1)| ≥ 1, then v is connected to L1 −F 1. AsF is a K1,r -substructure cut of
FCQn , there is at least one vertex z ∈ V (L0−F 0) such that |NL1(z)∩V (L1−F 1)| =
0 and it is separated apart from L1 − F 1 in FCQn − F . In this case, ex(z), co(z) ∈
V (F 1). Let S1, S2 be two faulty stars inF such that ex(z) ∈ V (S1) and co(z) ∈ V (S2).
Clearly, c(S1), c(S2) ∈ C0. By Lemma 3.3, one has that c(S1) �= c(S2). For each
i ∈ [2], by Lemma 2.4, we have distL0(z, c(Si )) ≥ � n

2 � ≥ 5 when n ≥ 9, which
further implies that NL0(z) ∩ V (Si ) = ∅. Let s = |NL0−F0(z)|. By Lemma 2.2,

|NF 0(z)| ≤ 2(|C0| − 2) ≤ 2(
n
2
� − 2) ≤ n − 4,

and s ≥ dL0(z)−|NF 0(z)| ≥ (n−1)− (n−4) = 3. For each vertex q ∈ NL0−F0(z),
its neighbors ex(q) and co(q) must be contained in F 1. Otherwise, z is connects to
L1 − F 1 through q and one of ex(q) and co(q), a contradiction (see Fig. 6). Let
x, y ∈ NL0−F0(z) and F1, F ′

1, F2, F
′
2 be four stars in F such that ex(x) ∈ V (F1),

co(x) ∈ V (F ′
1), ex(y) ∈ V (F2) and co(y) ∈ V (F ′

2). By Lemma 3.4, either
c(F1), c(F ′

1), c(F2), c(F
′
2) are all distinct or c(F1) = c(F ′

2) and c(F2) = c(F ′
1). For

each i ∈ [2], by Lemma 2.4, we have |NL0(z)∩V (Fi )| = 0 and |NL0(z)∩V (F ′
i )| = 0

when n ≥ 9. As x and y are arbitrary selected from NL0−F0(z), it results in 2 or 4
stars in F without intersection with NL0(z), which means that for every additional
vertex in NL0−F0(z), there will be one more star in F that has no intersection with
NL0(z). As s ≥ 3, it derives that

|NL0(z) ∩ V (F 0)| ≤ 2(
n
2
� − s) ≤ n − 2s.

As a result, for n ≥ 9,

n − 1 = |NL0(z)| = |NL0(z) ∩ V (F 0)| + |NL0−F0(z)|
≤ (n − 2s) + s = n − s < n − 2,

a contradiction. Thus, there does not exist a vertex z ∈ V (L0−F 0) such that |NL1(z)∩
V (L1 − F 1)| = 0 and FCQn − F is connected. This again leads to a contradiction.
Case 2. C ∩ V (L j ) �= ∅ for each j ∈ {0, 1}.

Recall that Claim B of Lemma 3.6 shows that |C 1| ≥ 2. As |C | = |F | ≤ 
 n
2 �, we

have |C 0| = |C | − |C 1| ≤ 
 n
2 � − 2. Clearly, if a faulty star F ∼= K1,r with all leaves

in L0, then r ≤ n − 1. Also, every faulty star with center in C1 has at most two leaves
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Fig. 6 An illustration of Case 1
in Theorem 1.1

in F 0. It follows that

|V (F 0)| ≤ (r + 1) · |C0| + 2|C1|
= (r − 1) · |C0| + 2|C |
≤ (n − 2)(
n

2
� − 2) + 2
n

2
�

≤ n2 − 4n + 8

2
.

We now prove that |V (F 0)| < g(n+2) for n ≥ 9, where g(·) is defined as in Eq. (2):

g(n + 2) − |V (F 0)| ≥
(

− (n + 2)2

2
+ (2n − 3

2
)(n + 2) + 2 − n2

)

− n2 − 4n + 8

2

= 5n − 14

2
> 0.

By Lemma 2.5(3), the number of vertices in all small components of L0 − F 0 is at
most n+1, which contradicts with Lemma 3.6 that the smallest component of L0−F 0

has size at least n + 2. So L0 − F 0 is connected.
In addition, by Lemma 3.5, L1 −F 1 is connected. We will show that L1 −F 1 and

L0 − F 0 are connected to each other through the following verification. For n ≥ 9,
we have

|V (L1)| − |V (F 1)| − |V (F 0)| = |V (L1)| − |V (F)| ≥ 2n−1 − (n + 1)
n
2
� > 0.

This contradicts with the fact that F is a K1,r -substructure cut of FCQn . Hence,
|F | ≥ 
 n

2 � + 1 = � n+1
2 �. As the arbitrariness of F , we have κ(FCQn; K1,r ) ≥

κ s(FCQn; K1,r ) ≥ � n+1
2 �.
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By Lemma 3.1, κ s(FCQn; K1,r ) ≤ κ(FCQn; K1,r ) ≤ � n+1
2 �. Thus, we attain

the desired result κ s(FCQn; K1,r ) = κ(FCQn; K1,r ) = � n+1
2 �. ��

4 Conclusion

In [3], Ba first studied the K1,r -(sub)structure connectivity of n-dimensional
folded crossed cube FCQn in her dissertation and obtained κ(FCQn; K1,r ) =
κ s(FCQn; K1,r ) = � n+1

2 � for n ≥ 8 and 2 ≤ r ≤ n
2 (see Theorem 2). More-

over, the Pk-(sub)structure connectivity of FCQn was also investigated for n ≥ 6 and
3 ≤ k ≤ 2n + 1 (see Theorem 3). Note that if k = 3, the latter result is consistent
with the previous one because K1,2 ∼= P3. Therefore, combined with the results of
Theorem 3, we can extend our results for Theorem 1 to meet the overall range of
2 ≤ r ≤ n.

Appendix A: Proof of Lemma 3.2

Let n ≥ 7. Given a vertex z = 0zn−2zn−3 · · · z1z0 ∈ V (L0), we let

x = ex(co(ex(co(zi )))) = xn−1xn−2 · · · x1x0

and

y = co(ex(co(ex(zi )))) = yn−1yn−2 · · · y1y0.

Recall that two binary strings of length two are pair-related provided they fulfill the
relations:

00 ∼ 00, 01 ∼ 11, 11 ∼ 01, and 10 ∼ 10.

Also, (z j z j−1) denotes the pair-related operation on two consecutive bits z j and z j−1.
We consider the following two cases depending on the parity of n.

Case 1: n is even.
Case 1.1: If i is odd, we can derive the representation of x through the following:

zi = 0 zn−2 zn−3 zn−4 · · · zi+2 zi+1 z̄i zi−1 (zi−2 zi−3) · · · (z1 z0);
co(zi ) = 1 z̄n−2 z̄n−3 z̄n−4 · · · z̄i+2 z̄i+1 zi z̄i−1 (zi−2 zi−3) · · · (z1 z0);

ex(co(zi )) = 0 z̄n−2 (z̄n−3 z̄n−4) · · · (z̄i+2 z̄i+1) (zi z̄i−1) ( (zi−2 zi−3) ) · · · ( (z1 z0) );
co(ex(co(zi ))) = 1 zn−2 (z̄n−3 z̄n−4) · · · (z̄i+2 z̄i+1) (zi z̄i−1) ( (zi−2 zi−3) ) · · · ( (z1 z0) );

x = ex(co(ex(co(zi )))) = 0 zn−2( (z̄n−3 z̄n−4) ) · · · ( (z̄i+2 z̄i+1) )( (zi z̄i−1) )( ( (zi−2 zi−3) ) ) · · · ( ( (z1 z0) ) ).

For j ∈ {1, 3, . . . , i−2}, we check x j x j−1 corresponding to z j z j−1 ∈ {00, 01, 11, 10}
as follows:

x j x j−1 = ( ( (z j z j−1) ) )

123



H. Guo et al.

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

( ( (00) ) ) = ( ( 00 ) ) = ( (11) ) = ( 01 ) = (10) = 10 if z j z j−1 = 00;
( ( (01) ) ) = ( ( 11 ) ) = ( (00) ) = ( 00 ) = (11) = 01 if z j z j−1 = 01;
( ( (11) ) ) = ( ( 01 ) ) = ( (10) ) = ( 10 ) = (01) = 11 if z j z j−1 = 11;
( ( (10) ) ) = ( ( 10 ) ) = ( (01) ) = ( 11 ) = (00) = 00 if z j z j−1 = 10.

(A.1)

As shown above, x j x j−1 = z j z j−1 only when z j z j−1 ∈ {01, 11} and x j x j−1 �

z j z j−1 for all j ∈ {1, 3, . . . , i − 2}. In addition, we check whether xi xi−1 and zi zi−1
are pair-related as follows:

xi xi−1 = ( (zi z̄i−1) ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

( (00̄) ) = ( (01) ) = ( 11 ) = (00) = 00 if zi zi−1 = 00;
( (01̄) ) = ( (00) ) = ( 00 ) = (11) = 01 if zi zi−1 = 01;
( (11̄) ) = ( (10) ) = ( 10 ) = (01) = 11 if zi zi−1 = 11;
( (10̄) ) = ( (11) ) = ( 01 ) = (10) = 10 if zi zi−1 = 10.

Clearly, xi xi−1 = zi zi−1 for all cases, and xi xi−1 ∼ zi zi−1 appears only
when zi zi−1 ∈ {00, 10}. Moreover, we check x j x j−1 corresponding to z j z j−1 ∈
{00, 01, 11, 10} for j ∈ {i + 2, i + 4, . . . , n − 3} as follows:

x j x j−1 = ( (z̄ j z̄ j−1) ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

( (0̄0̄) ) = ( (11) ) = ( 01 ) = (10) = 10 if z j z j−1 = 00;
( (0̄1̄) ) = ( (10) ) = ( 10 ) = (01) = 11 if z j z j−1 = 01;
( (1̄1̄) ) = ( (00) ) = ( 00 ) = (11) = 01 if z j z j−1 = 11;
( (1̄0̄) ) = ( (01) ) = ( 11 ) = (00) = 00 if z j z j−1 = 10.

(A.2)

Note that x j x j−1 ∼ z j z j−1 when z j z j−1 ∈ {01, 11} for all j ∈ {i+2, i+4, . . . , n−3}.
Particularly, if {i + 2, i + 4, . . . , n − 3} �= ∅ (i.e., i ≤ n − 5), the highest bit where x
differs from z is at position n − 3 and xn−4 = zn−4. By Eq. (A.1), x j x j−1 � z j z j−1
for all j ∈ {1, 3, . . . , i − 2}. Thus, if x is a neighbor of z such that i ≤ n − 5, then
it must be the (n − 3)-th neighbor and i = 1, in which z j z j−1 ∈ {01, 11} for all
j ∈ {3, 5, . . . , n−5} and z1z0 ∈ {00, 10}. Next, we consider i = n−3. In this case, if
x is a neighbor of z, then x must be the 1-th neighbor, in which z j z j−1 ∈ {01, 11} for
j ∈ {3, 5, . . . , n − 5} (i.e., j = 2� + 1 for each � ∈ [� n

2 � − 3]) and z1z0 ∈ {00, 10}.
Otherwise, x and z are nonadjacent in FCQn .

Similarly, we can derive the representation of y for i odd through the following:

zi = 0 zn−2 zn−3 zn−4 · · · zi+2 zi+1 z̄i zi−1 (zi−2 zi−3) · · · (z1 z0);
ex(zi ) = 1 zn−2 (zn−3 zn−4) · · · (zi+2 zi+1) (z̄i zi−1) zi−2 zi−3 · · · z1 z0;

co(ex(zi )) = 0 z̄n−2 (zn−3 zn−4) · · · (zi+2 zi+1) (z̄i zi−1) z̄i−2 z̄i−3 · · · z̄1 z̄0;
ex(co(ex(zi ))) = 1 z̄n−2 ( (zn−3 zn−4) ) · · · ( (zi+2 zi+1) ) ( (z̄i zi−1) ) (z̄i−2 z̄i−3) · · · (z̄1 z̄0);

y = co(ex(co(ex(zi )))) = 0 zn−2 ( (zn−3 zn−4) ) · · · ( (zi+2 zi+1) ) ( (z̄i zi−1) ) (z̄i−2 z̄i−3) · · · (z̄1 z̄0).
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For j ∈ {1, 3, . . . , i−2}, we check x j x j−1 corresponding to z j z j−1 ∈ {00, 01, 11, 10}
as follows:

x j x j−1 = (z̄ j z̄ j−1) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(0̄0̄) = (11) = 01 = 10 if z j z j−1 = 00;
(0̄1̄) = (10) = 10 = 01 if z j z j−1 = 01;
(1̄1̄) = (00) = 00 = 11 if z j z j−1 = 11;
(1̄0̄) = (01) = 11 = 00 if z j z j−1 = 10.

(A.3)

As shown above, x j x j−1 = z j z j−1 only when z j z j−1 ∈ {01, 11} and x j x j−1 �

z j z j−1 for all j ∈ {1, 3, . . . , i − 2}. In addition, we check whether xi xi−1 and zi zi−1
are pair-related as follows:

xi xi−1 = ( (z̄i zi−1) ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

((0̄0)) = ((10)) = (10) = (01) = 11 = 00 if zi zi−1 = 00;
((0̄1)) = ((11)) = (01) = (10) = 10 = 01 if zi zi−1 = 01;
((1̄1)) = ((01)) = (11) = (00) = 00 = 11 if zi zi−1 = 11;
((1̄0)) = ((00)) = (00) = (11) = 01 = 10 if zi zi−1 = 10.

Clearly, xi xi−1 = zi zi−1 for all cases, and xi xi−1 ∼ zi zi−1 appears only
when zi zi−1 ∈ {00, 10}. Moreover, we check x j x j−1 corresponding to z j z j−1 ∈
{00, 01, 11, 10} for j ∈ {i + 2, i + 4, . . . , n − 3} as follows:

x j x j−1 = ( (z j z j−1) ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

((00)) = (00) = (11) = 01 = 10 if z j z j−1 = 00;
((01)) = (11) = (00) = 00 = 11 if z j z j−1 = 01;
((11)) = (01) = (10) = 10 = 01 if z j z j−1 = 11;
((10)) = (10) = (01) = 11 = 00 if z j z j−1 = 10.

(A.4)

This shows that x j x j−1 ∼ z j z j−1 appears only when z j z j−1 ∈ {01, 11}. A thorough
inspection responds that all results for z j z j−1 ∈ {00, 01, 11, 10} are the same for x
and y. Thus, a similar argument shows that y and z are adjacent if and only y is the
(n − 3)-th neighbor of z (when i = 1) or 1-th neighbor of z (when i = n − 3) that
satisfies z j z j−1 ∈ {01, 11} for j ∈ {3, 5, . . . , n − 5} and z1z0 ∈ {00, 10}.

Case 1.2: If i is even, we can derive the representation of x through the following:

zi = 0 zn−2 zn−3 zn−4 · · · zi+3 zi+2 zi+1 z̄i (zi−1 zi−2) · · · (z1 z0);
co(zi ) = 1 z̄n−2 z̄n−3 z̄n−4 · · · z̄i+3 z̄i+2 z̄i+1 zi (zi−1 zi−2) · · · (z1 z0);

ex(co(zi )) = 0 z̄n−2 (z̄n−3 z̄n−4) · · · (z̄i+3 z̄i+2) (z̄i+1zi ) ( (zi−1 zi−2) ) · · · ( (z1 z0) );
co(ex(co(zi ))) = 1 zn−2 (z̄n−3 z̄n−4) · · · (z̄i+3 z̄i+2) (z̄i+1zi ) ( (zi−1 zi−2) ) · · · ( (z1 z0) );

x = ex(co(ex(co(zi )))) = 0 zn−2( (z̄n−3 z̄n−4) ) · · · ( (z̄i+3 z̄i+3) )( (z̄i+1zi ) )( ( (zi−1 zi−2) ) ) · · · ( ( (z1 z0) ) ).

We observe that the representation of ( ( (z j z j−1) ) ) for j ∈ {1, 3, . . . , i − 1} is
the same as Eq. (A.1), and the representation of ( (z̄ j z̄ j−1) ) for j ∈ {i + 3, i +
5, . . . , n − 3} is the same as Eq. (A.2). Also, we check xi+1xi corresponding to
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zi+1zi ∈ {00, 01, 11, 10} as follows:

xi xi−1 = ( (z̄i+1zi ) ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

( (0̄0) ) = ( (10) ) = ( 10 ) = (01) = 11 if zi zi−1 = 00;
( (0̄1) ) = ( (11) ) = ( 01 ) = (10) = 10 if zi zi−1 = 01;
( (1̄1) ) = ( (01) ) = ( 11 ) = (00) = 00 if zi zi−1 = 11;
( (1̄0) ) = ( (00) ) = ( 00 ) = (11) = 01 if zi zi−1 = 10.

(A.5)

As xi+1xi = zi+1zi and xi+1xi � zi+1zi for all cases, x is a not neighbor of z in this
case.

Similarly, we can derive the representation of y for i even through the following:

zi = 0 zn−2 zn−3 zn−4 · · · zi+3 zi+2 zi+1 z̄i (zi−1 zi−2) · · · (z1 z0);
ex(zi ) = 1 zn−2 (zn−3 zn−4) · · · (zi+3 zi+2) (zi+1 z̄i ) zi−1 zi−2 · · · z1 z0;

co(ex(zi )) = 0 z̄n−2 (zn−3 zn−4) · · · (zi+3 zi+2) (zi+1 z̄i ) z̄i−1 z̄i−2 · · · z̄1 z̄0;
ex(co(ex(zi ))) = 1 z̄n−2 ( (zn−3 zn−4) ) · · · ( (zi+3 zi+2) ) ( (zi+1 z̄i ) ) (z̄i−1 z̄i−2) · · · (z̄1 z̄0);

y = co(ex(co(ex(zi )))) = 0 zn−2 ( (zn−3 zn−4) ) · · · ( (zi+3 zi+2) ) ( (zi+1 z̄i ) ) (z̄i−1 z̄i−2) · · · (z̄1 z̄0).

We observe that the representation of (z̄ j z̄ j−1) for j ∈ {1, 3, . . . , i −1} is the same as

Eq. (A.3), and the representation of ( (z j z j−1) ) for j ∈ {i +3, i +5, . . . , n−3} is the
same as Eq. (A.4). Also, we check xi+1xi corresponding to zi+1zi ∈ {00, 01, 11, 10}
as follows:

xi xi−1 = ( (zi+1 z̄i ) )

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

((00̄)) = ((01)) = (11) = (00) = 00 = 11 if zi zi−1 = 00;
((01̄)) = ((00)) = (00) = (11) = 01 = 10 if zi zi−1 = 01;
((11̄)) = ((10)) = (10) = (01) = 11 = 00 if zi zi−1 = 11;
((10̄)) = ((11)) = (01) = (10) = 10 = 01 if zi zi−1 = 10.

(A.6)

As xi+1xi = zi+1zi and xi+1xi � zi+1zi for all cases, x is a not neighbor of z in this
case.

Case 2: n is odd. The case of odd n can be proved similarly, which we omit here.
��

Appendix B: Proof of Lemma 3.3

Let z = 0zn−2 · · · z1z0 be any vertex in L0. Clearly, ex(z) and co(z) are two neighbors
of z located in L1. Precisely, NL1(z) = {ex(z), co(z)}. As ex(z) ∈ V (F) and c(F) ∈
V (L0)\{z}, it implies c(F) = co(ex(z)). Similarly, as co(z) ∈ V (F ′) and c(F ′) ∈
V (L0)\{z}, it follows c(F ′) = ex(co(z)). We now verify that co(ex(z)) �= ex(co(z))
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as follows:

co(ex(z)) =
{
0 z̄n−2 (zn−3 zn−4) · · · (z j z j−1) · · · (z1 z0) if n is even;
0 (zn−2 zn−3) · · · (z j z j−1) · · · (z1 z0) if n is odd

and

ex(co(z)) =
{
0 z̄n−2 (z̄n−3 z̄n−4) · · · (z̄ j z̄ j−1) · · · (z̄1 z̄0) if n is even;
0 (z̄n−2 z̄n−3) · · · (z̄ j z̄ j−1) · · · (z̄1 z̄0) if n is odd.

where j = 2 h + 1 for h ∈ [� n
2 � − 2]. For each z j z j−1 ∈ {00, 01, 11, 10}, we have

(z j z j−1) =

⎧
⎪⎪⎨

⎪⎪⎩

(00) = 00 = 11 if z j z j−1 = 00;
(01) = 11 = 00 if z j z j−1 = 01;
(11) = 01 = 10 if z j z j−1 = 11;
(10) = 10 = 01 if z j z j−1 = 10

and

(z̄ j z̄ j−1) =

⎧
⎪⎪⎨

⎪⎪⎩

(0̄ 0̄) = (11) = 01 if z j z j−1 = 00;
(0̄ 1̄) = (10) = 10 if z j z j−1 = 01;
(1̄ 1̄) = (00) = 00 if z j z j−1 = 11;
(1̄ 0̄) = (01) = 11 if z j z j−1 = 10.

It is easy to check that (z j z j−1) �= (z̄ j z̄ j−1) for each z j z j−1 ∈ {00, 01, 11, 10}.
Thus, c(F) = co(ex(z)) �= ex(co(z)) = c(F ′). ��

Appendix C: Proof of Lemma 3.4

By Lemma 3.3, c(F1) �= c(F2) and c(F ′
1) �= c(F ′

2). Since co(x) ∈ V (F1) and ex(x) ∈
V (F2) are located in L1 and c(F1), c(F2) ∈ V (L0)\{z}, either c(F1) ∈ {x, ex(co(x))}
and c(F2) = co(ex(x)) or c(F2) ∈ {x, co(ex(x))} and c(F1) = ex(co(x)). See Fig. 7
for illustration.

(1) By symmetry, we only need to prove that c(F1) �= c(F ′
1), c(F2) �= c(F ′

2), and
c(F1) �= c(F ′

2). Suppose on the contrary, we consider the following cases:
Case 1: c(F1) = c(F ′

1). As co(y) ∈ V (F ′
1), if c(F

′
1) = c(F1) = x , then either

co(y) = co(x) or co(y) = ex(x). The former implies x = y, which contradicts the
fact that x and y are distinct. For the latter case, by Lemma 2.4, since n ≥ 5 and
ȳ = co(y) = ex(x) = xn−1, we have distL0(x, y) ≥ � n

2 � = 3, which contradicts the
fact that z is a common neighbor of x and y in L0. On the other hand, as co(y) ∈ V (F ′

1),
if c(F ′

1) = c(F1) = ex(co(x)), then either co(y) = co(x) or co(y) = co(ex(co(x))).
The former again implies x = y, a contradiction. The latter implies y = ex(co(x))
and ex(y) = co(x). By Lemma 2.4, since n ≥ 5 and x̄ = co(x) = ex(y) = yn−1, we
have distL0(x, y) ≥ � n

2 � = 3, which contradicts the fact that x, y ∈ NL0(z).
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Fig. 7 Illustration of Lemma 3.4

Case 2: c(F2) = c(F ′
2). As ex(y) ∈ V (F ′

2), if c(F
′
2) = c(F2) = x , then either

ex(y) = ex(x) or ex(y) = co(x). The former implies x = y, which contradicts the
fact that x and y are distinct. For the latter case, by Lemma 2.4, since n ≥ 5 and
x̄ = co(x) = ex(y) = yn−1, we have distL0(x, y) ≥ � n

2 � = 3, which contradicts the
fact that z is a common neighbor of x and y in L0. On the other hand, as ex(y) ∈ V (F ′

2),
if c(F ′

2) = c(F2) = co(ex(x)), then either ex(y) = ex(x) or ex(y) = ex(co(ex(x))).
The former again implies y = x , a contradiction. The latter implies y = co(ex(x))
and co(y) = ex(x). By Lemma 2.4, since n ≥ 5 and ȳ = co(y) = ex(x) = xn−1, we
have distL0(x, y) ≥ � n

2 � = 3, which contradicts the fact that x, y ∈ NL0(z).
Case 3: c(F1) = c(F ′

2). As ex(y) ∈ V (F ′
2) located in L1, if c(F ′

2) = c(F1) = x ,
then either ex(y) = ex(x) or ex(y) = co(x). Then, a proof can derive the same
contradiction as Case 2. On the other hand, as ex(y) ∈ V (F ′

2) located in L1, if
c(F ′

2) = c(F1) = ex(co(x)) and ex(y) �= co(x), then ex(y) = co(ex(co(x))). Thus,
y = ex(co(ex(co(x)))). By Lemma 3.2 and one of the conditions a, b, and c in the
assertion (1), y = ex(co(ex(co(x)))) is not a neighbor of z, a contradiction.

(2) For n even, without loss of generality, assume x = z1 and y = zn−3. Since
co(x) ∈ V (F1), ex(y) ∈ V (F ′

2), and c(F1), c(F ′
2) /∈ {x, y}, one has that

c(F1) = ex(co(x)) = ex(co(z1)) = 0z̄n−2 (z̄n−3 z̄n−4) (z̄n−5 z̄n−6) · · · (z̄3 z̄2) (z1 z̄0).

and

c(F ′
2) = co(ex(y)) = co(ex(zn−3)) = 0z̄n−2 (z̄n−3 zn−4) z̄n−5 z̄n−6

· · · z̄1 z̄0.

We now check the representations of c(F1) and c(F ′
2) as follows. Clearly,

(z̄n−3 z̄n−4) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(0̄0̄) = (11) = 01 = 10 = (10) = (0̄0) = (z̄n−3zn−4) if zn−3zn−4 = 00;
(0̄1̄) = (10) = 10 = 01 = (11) = (0̄1) = (z̄n−3zn−4) if zn−3zn−4 = 01;
(1̄1̄) = (00) = 00 = 11 = (01) = (1̄1) = (z̄n−3zn−4) if zn−3zn−4 = 11;
(1̄0̄) = (01) = 11 = 00 = (00) = (1̄0) = (z̄n−3zn−4) if zn−3zn−4 = 10.

(A.7)
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Thus, (z̄n−3 z̄n−4) = (z̄n−3zn−4). For each � ∈ [� n
2 � − 3] with j = 2� + 1, we have

(z̄ j z̄ j−1) =
{

(0̄1̄) = (10) = 10 = 0̄1̄ = z̄ j z̄ j−1 if z j z j−1 = 01;
(1̄1̄) = (00) = 00 = 1̄1̄ = z̄ j z̄ j−1 if z j z j−1 = 11.

Thus, (z̄ j z̄ j−1) = z̄ j z̄ j−1 for z j z j−1 ∈ {01, 11}. Also, we have

(z1 z̄0) =
{

(00̄) = (01) = 11 = 0̄0̄ = z̄1 z̄0 if z1z0 = 00;
(10̄) = (11) = 01 = 1̄0̄ = z̄1 z̄0 if z1z0 = 10.

Thus, (z1 z̄0) = z̄1 z̄0 for z1z0 ∈ {00, 10}. Therefore, if z j z j−1 ∈ {01, 11} where
j = 2� + 1 for each � ∈ [� n

2 � − 3] and z1z0 ∈ {00, 10}, then c(F1) = c(F ′
2).

Furthermore, since ex(x) ∈ V (F2), co(y) ∈ V (F ′
1), and c(F2), c(F ′

1) /∈ {x, y},
one has that

c(F2) = co(ex(x)) = co(ex(z1)) = 0z̄n−2 (zn−3 zn−4) (zn−5 zn−6) · · · (z3 z2) (z̄1 z0)

and

c(F ′
1) = ex(co(y)) = ex(co(zn−3)) = 0z̄n−2 (zn−3 z̄n−4) ((zn−5 zn−6))

· · · ((z3 z2)) ((z1 z0)).

We now check the representations of c(F2) and c(F ′
1) as follows. Taking the com-

plement of zn−3 in Eq. (A.7), we can obtain (zn−3 z̄n−4) = (zn−3zn−4). For each
� ∈ [� n

2 � − 3] with j = 2� + 1, we have

(z j z j−1) =
{

(01) = 11 = 00 = (00) = ((z j z j−1)) if z j z j−1 = 01;
(11) = 01 = 10 = (10) = ((z j z j−1)) if z j z j−1 = 11.

Thus, (z j z j−1) = ((z j z j−1)) for z j z j−1 ∈ {01, 11}. Also, we have

(z̄1 z0) =
{

(0̄0) = (10) = 10 = 01 = (11) = (00) = ((00)) = ((z1 z0)) if z1z0 = 00;
(1̄0) = (00) = 00 = 11 = (01) = (10) = ((10)) = ((z1 z0)) if z1z0 = 10.

Thus, (z̄1z0) = ((z1z0)) for z1z0 ∈ {00, 10}. Therefore, if z j z j−1 ∈ {01, 11} where
j = 2� + 1 for each � ∈ [� n

2 � − 3] and z1z0 ∈ {00, 10}, then c(F2) = c(F ′
1).

The case of odd n can be proved similarly, which we omit here.
��
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